We construct a Q-matrix for the eight-vertex model at roots of unity for crossing parameter η = 2mK/L with odd L, a case for which the existing constructions do not work. The new Q-matrixQ depends on the spectral parameter v and also on a free parameter t. For t = 0Q has the standard properties. For t = 0, however, it does not commute with the operator S and not with itself for different values of the spectral parameter. We show that the six-vertex limit ofQ(v, t = iK ′ /2) exists.
and commutes with T . Here T (v) is the transfer matrix of the eight-vertex model (A.1). Combined with periodicity properties of Q(v) in the complex vplane equ.
(1) leads to the derivation of Bethe's equations and the solution of the model. For generic values of the crossing parameter η the transfer matrix T has a non degenerate spectrum. For rational values of η/K however this is not the case. This leads to the existence of different Q-matrices which all satisfy equ. (1) . In ref. [1] Baxter constructs a Q-matrix valid for
with integer m 1 , m 2 , L. In ref. [2] Baxter derived a Q-matrix valid for generic values of η. As these Q-matrices are different we distinguish them by writing Q 72 and Q 73 respectively for the constructions in ref. [1] and ref. [2] . It turned out, however, that Q 72 has interesting properties beyond its role in equ. (1) because of its restriction to rational values of η/K. In ref. [5] it is conjectured that Q 72 (v) satisfies the following functional relation: 
A is a normalizing constant matrix independent of v that commutes with Q 72 and h(v) = H(v)Θ(v). There is a proof of this conjecture valid for L = 2 in ref. [6] . This functional relation is important as it allows the conclusion that the dimension of eigenspaces of degenerate eigenvalues of the T -matrix is a power of 2, a result also true in the six-vertex model provided the roots of the Drinfeld polynomial of the loop algebra symmetry are distinct [7] .
The reason why the case L odd and m 1 even is excluded in (3) is that Q 72 does not exist in this case [5] . The purpose of this paper is to close this gap 1 . We construct for even N a Q-matrix which exists for η = 2mK/L for odd L which satisfies the functional relation (3) . Beyond that we shall show that for η = 2mK/L a more general Qmatrix exists which depends on a free parameter t and which does not commute with R and S where (4) and not even with itself for different spectral parameters
This phenomenon has also been observed by Bazhanov and Stroganov in ref. [8] for their column-to-column transfer matrix T col which acts like a Q-matrix in the six-vertex model: It satisfies (1) and it commutes with T 6 . But it does not commute with itself for different arguments. We use the notation of Baxter's 1972 paper. We denote our new Q-operators byQ R ,Q L andQ. They depend on two arguments v and t, e.gQ R (v, t). For brevity we shall writeQ R (v) instead ofQ R (v, 0). The symbols Q, Q R etc. refer to all types of Q matrices. The plan of this paper is as follows. In section 1 we describe the various steps in the construction of Q. We first outline in section 1.1 the general method developed by Baxter and his solution leading to Q 72 . In section 1.2 we present our newQ R operator and describe its range of validity. In section 1.3 we introduce the matrix Q L and show in section 1.4 that the famous equation
which Baxter proved for Q 72 and Q 73 is also satisfied byQ(v) . In section 2 we study the quasiperiodicity properties of Q(v) and show that there exists a link between quasiperiodicity of Q R with quasiperiod iK ′ and non existence of Q −1 R . We summarize in section 3 the properties of Q(v) and describe in section 4 the exotic properties ofQ(v, t) for t = 0.
1 Construction of a Q-matrix for η = 2mK/L.
The goal is to find a matrix Q R of the form
where α j and β j = ±1 and
The Q-matrix occurring in equ. (1) is then
for some constant v 0 . Therefore it is necessary that Q R (v) is a regular matrix. The problem to construct a Q R of the form (5) satisfying (6) is posed and solved by Baxter in Appendix C of ref. [1] . In order to construct a Q R -matrix which is regular for η = mK/L for even m and odd L we shall search for other solutions of Baxter's fundamental equations. These equations are (see (C10), (C11) in ref. [1] )
where β = +, −, m, n = 1, · · · L and a, b, c, d are defined in (A.2). Equs. (8) determine the elements of the local matrices S R (α, β) occurring in (5) provided that the determinant of this system of homogeneous linear equations vanishes:
This determines p n if p m is given. Setting
it follows from (A.3) that
Baxter selected a solution which has non vanishing diagonal elements S R (α, β) 0,0 and
This fixes the parameter u to become u = K ± η and leads to the restriction to discrete η:
One obtains from (10) and (11) that
and from (8)
Q R,72 is the matrix Q R defined in (5) with S R given by (15).
It has been shown in [5] that Q R based on (15) is singular if m 1 is even and L is odd. In the following subsection we show that an alternative construction leads for these η-values to a regular Q R -matrix.
Another Q-matrix
To obtain another solutionŜ R of (8) and (9) we consider the possibility that the elements ofŜ R (α, β) m,n form cycleŝ
instead of imposing the condition thatŜ R (α, β) m,n has two diagonal elements. In this case a set of functions p n consistent with (10) and (11) is
From the condition thatŜ
if follows that p 1 and p L must have arguments which differ by 2η:
This is satisfied if
This condition differs from (13). The solution of equs. (8) with the set of p n -functions (18) as input iŝ
with u α defined in equ. (16) and w α is given by
Note that the first component of w α differs from u + by a minus sign. We consider only the case m 2 = 0 in (21). Then
We shall denote the Q R , Q L and Q-matrices derived fromŜ R ,Ŝ L byQ R ,Q L andQ. We distinguish the following cases: 1.
If L is odd the resultingQ-matrices cover exactly the set of discrete η-values which is missing in the original solution (15)-(16). We note that for t = K this solution becomes identical to case (15)- (16) with singularQ R . But for generic t (especially t = 0)Q R is regular. It must be stressed, however, that the regularity has not been proved analytically but numerically for sufficiently large systems to allow the occurrence of degenerate eigenvalues of the transfer matrix T . See also appendix C of ref. [1] and ref. [5] .
2.
L is even but both L 1 = L/2 and m are odd. Then η = mK/L 1 is that set of η-values for which the solution (15)-(16) leads to regular Q R matrices. It turns out that in this case theQ R -matrix resulting from solution (22) is singular. 3. L and L/2 are even and m is odd. In this case both solutions (15)-(16) and (22) give regular Q R -matrices. But the matricesŜ R (α, β) differ in size by a factor 2. The conclusion is that the two sets of Q-matrices (15)-(16) and (22) are complementary in the sense that for η = mK/L and odd L what is missing in the first set is present in the second and vice versa.
The matrixQ L .
To get finally a Q-matrix which commutes with the transfer matrix T and satisfies equ. (1) Baxter introduced a second matrix Q L . By transposing equ. (6) and replacing v by −v one obtains
with
and
We perform this construction for the newQ R matrix. The local matricesŜ L are obtained from (22)Ŝ
To prove that the Q-matrix defined by
commutes with the transfer matrix T Baxter shows in ref. [1] that the relation
holds. Then
commutes with T (v). To prove (31) it is shown in ref
are related by a similarity transformation.
To investigate whether the matricesQ R andQ L defined in (5), (22) and (27), (29) fulfill such a relation we define a series of abbreviations. According to (22) we writeŜ
where
and f
It follows then from (35) and (40)
and from (36) and (41) one obtains
with non vanishing elements
To rewrite (47)-(50) we use
We need especially the following properties of g ±
After insertion of (52)-(55) into (47)-(50) we get 
Taking tentatively Y to be diagonal
and it follows from (57)-(60)
To prove that a matrix Y can be found such that (61) is satisfied we have to show that the set of equations (64)- (65) is free from contradictions on the torus of size L × L where
It follows from equ. (64) that
The factor g − (u − v − 2(m + n)η + 4r 2 η − 2t) in the numerator cancels the factor g − (u − v + 2(m + n)η + 4r 1 η + 2t) in the denominator if t = 0 and
for arbitrary k and if we set k = 2m 1 k 1 for integer k 1
It follows that for each factor in the numerator of equ. (67) there is a factor in the denominator against which it cancels. Similarly we derive from equ. (65) that
We have shown that all y m,n can be determined from a single element (e.g. y 1,1 ) consistently if t = 0. This conclusion cannot be drawn for t = 0. A numerical test of (31) shows that it is not satisfied for t = 0 and therefore no similarity transformation (33) exists for t = 0.
We summarize what has been found in this section :
We have attained our goal to construct a Q-matrix which exists for η = 2mK/L for odd L: TheQ R -matrix defined in equ. (5) with local matricesŜ R defined in (22) (1) and commutes with the transfer matrix T .
is regular. If the parameter t is set to zero relation (31) is satisfied. ThenQ(v) =Q
R (v)Q −1 R (v 0 ) satisfies equ.
Quasiperiodicity properties of Q.
It is easily seen that Q 72,R (v) andQ R (v, t) satisfŷ
It is of great importance to find the quasiperiodicity properties of the Q-matrices in the complex v-plane. We do that in this section for Q 72,R (v) andQ R (v, t = 0). It is well known that the quasiperiod of Q 73 is iK ′ . See [9] for details. We shall present plausibility arguments for the statement that Q 72,R as well asQ are singular matrices if their quasiperiod is iK ′ .
Quasiperiodicity properties of Q 72 .
We get from equs. (15), (A.4), (A.5) and from
the relations
The similarity transformation
leads toS
If m 1 is even it follows that
where R is defined in equ. (4) . and
However it is well known [5] that for even m 1 Q R,72 (v) is singular and consequently relation (79) cannot be upgraded from Q R,72 to Q 72 . It is shown in [5] that instead of (79) the following relation holds
which is correct for all η = m 1 K/L. Provided m 1 is odd it follows
Quasiperiodicity properties ofQ.
We obtain from equ. (22).
Perform the similarity transformation
(88)
Q R satisfies the relation
which is the same as (79) In the following paragraph Q denotes either Q 72 orQ.
We note that if the relation
were correct then it would follow that R exists always as then all states are singlets and (79) and (91) do not lead to contradictions when upgraded from Q R to Q. Using the method used in this section it can easily be shown that alwayŝ
and consequently ifQ
3 The properties ofQ for t = 0.
It follows from (95) that as shown for Q 72 in [5] Q(v) may be written aŝ
n B is the number of Bethe roots v B k and n L the number of exact Q-strings of length L. The sum rules (2.16)-(2.21) of ref. [5] are also true forQ(v). From (71) andQ
follows that
Finally we find numerically that the functional relation (3) which was originally conjectured in ref. [5] is also satisfied forQ(v).
The matrixQ(v, t).
We have shown thatQ R (v) satisfies the TQ R relation and found that it is not singular. But the proof of relation (31) failed for parameter t = 0. One finds numerically that (31) is in fact violated for systems large enough to allow degenerate eigenvalues of the transfer matrix. Therefore the question arises whetherQ R (v, t) is useful at all. Surprisingly we find numerically that for η = 2mK/L and odd L despitê
both matriceŝ
commute with the transfer matrix T . Furthermore we find that in the cases studiedQ (L) (v, t) andQ (R) (v, t) have the same eigenvalues. This means that there exists a matrix A withQ (L) (v, t) = AQ (R) (v, t)A −1 and consequently instead of (31)Q
should hold. A consequence of (100) is that
as one needs (31) to prove that Q-matrices with different arguments commute (see 9.48.41 in ref. [9] ). We find that like Q 72 the matrixQ does not commute with R [R,Q(v, t)] = 0 (104) but unlike Q 72 as a consequence of (100) does also not commute with S for t = 0:
This is possible because the degenerate subspaces of T have elements with both eigenvalues ν ′ = 0, 1 of S if η = 2m 1 K/L and L is odd. These properties ofQ (L) (v, t) andQ (R) (v, t) imply that they act as non abelian symmetry operators in all degenerate subspaces of the set of eigenvectors of T . We finally mention that whereas the six-vertex limit of Q R,72 does not exist it exists forQ R . The limit ofQ R (v, t = iK ′ /2) for elliptic nome q → 0 is well defined. Using 
